arXiv:1508.00954vl [math.RT] 5 Aug 2015 


DESINGULARIZATION OF QUIVER GRASSMANNIANS FOR GENTLE 

ALGEBRAS 

XINHONG CHEN AND MING LUt 


Abstract. Following [20], a desingularization of arbitrary quiver Grassmannians for finite 
dimensional Gorenstein projective modules of 1-Gorenstein gentle algebras is constructed in 
terms of quiver Grassmannians for their Cohen-Macaulay Auslander algebras. 


1. Introduction 

1.1. Gorenstein projective mdnles. The concept of Gorenstein projective modules over 

any ring can be dated back to (Ij, where Auslander and Bridger introduced the modules of 
G-dimension zero over two-sided noetherian rings, and formed by Enochs and Jenda [26] , 
This class of modules satisfy some good stable properties, becomes a main ingredient in the 
relative homological algebra, and widely used in the representation theory of algebras and 
algebraic geometry, see e.g. jU El ESI 112 E2 IB]- plays as an important tool to study 

the representation theory of Gorenstein algebra, see e.g. mmm- 

1.2. Gorenstein algebras. Gorenstein algebra A, where by definition A has finite injective 
dimension both as a left and a right A-module, is inspired from commutative ring theory. A 
fundamental result of Buchweitz [T2 and Happel [32 states that for a Gorenstein algebra 
A, the singularity category is triangle equivalent to the stable category of the Gorenstein 
projective (also called (maximal) Gohen-Macaulay) A-modules, which generalized Rickard’s 
result |45] on self-injective algebras. 

1.3. Cohen-Macaulay Auslander algebras. For any Artin algebra A, denote by Gproj A 
its subcategory of Gorenstein projective modules. If Gproj A has only finitely many isoclasses 
of indecomposable objects, then A is called CM-finite. In this case, inspired by the defini¬ 
tion of Auslander algebra, the Cohen-Macaulay Auslander algebra (also called the relative 
Auslander algebra) is defined to be EndA(0”=i Ej)°P, where Ei,... ,En are all pairwise non¬ 
isomorphic indecomposable Gorenstein projective modules, [3 [HI [39] . A CM-finite algebra A 
is Gorenstein if and only if gl. dim Aus(Gproj A) < oo, |39l [8]. Pan proves that for any two 
Gorenstein Artin algebras A and B which are CM-finite, if A and B are derived equivalent, 
then their Cohen-Macaulay Auslander algebras are also derived equivalent |43j . 

1.4. Gentle algebras. As an important class of Gorenstein algebras m, gentle algebras 
were introduced in [3] as appropriate context for the investigation of algebras derived equiv¬ 
alent to hereditary algebras of type A„. The gentle algebras which are trees are precisely the 
algebras derived equivalent to hereditary algebras of type A„, see |2]- It is interesting to no¬ 
tice that the class of gentle algebras is closed under derived equivalence, [3H]. For singularity 
categories of gentle algebras, Kalck determines their singularity category by finite products 
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of d-cluster categories of type Ai [3l]. From [3l], it is easy to see that Gentle algebras are 
CM-finite, which inspires us to study the properties of the Cohen-Macaulay Auslander alge¬ 
bras of Gentle algebras [23]. Moreover, many important algebras are gentle, such as tilted 
algebras of type A„, algebras derived equivalent to A„-configurations of projective lines m 
and also the cluster-tilted algebras of type A„ m. K [I]. 

1.5. Quiver Grassmannians. Quiver Grassmannians were first introduced by Crawley- 
Boevey |23|, Schofield [17] to study the generic properties of quiver representations. They are 
projective varieties parametrizing subrepresentations of a quiver representation and Reineke 
shows in |44] that every projective variety can be realized as a quiver Grassmannian. It was 
observed in m that these varieties play an important role in the additive categorification of 
(quantum) cluster algebra theory |3r)j since cluster variables can be described in terms of the 
Euler characteristic of quiver Grassmannians, cf. for example HaiHlEHlIlI]. Subsequently, 
specihc classes of quiver Grassmannians were studied by several authors, in particular, the 
varieties of subrepresentations of exceptional quiver representations since they are smooth 
projective varieties, see e.g. HZ]. 

In [TH1[TU|, Gerulli-Feigin-Reineke initiated a systematic study of (singular) quiver Grass¬ 
mannians of Dynkin quivers, starting from the surprising observation that the type A de¬ 
generate flag varieties studies in I2I1EH112II are of this form. An important aspect of their 
work is the construction of desingularizations for the Dynkin type, namely a desingulariza- 
tion of arbitrary quiver Grassmannians for representations of Dynkin quivers is constructed 
in terms of quiver Grassmannians for an algebra derived equivalent to the Auslander algebra 
of the quiver, which is done in m generalizing [29| for the type A degenerate flag varieties. 
After that, they link these desingularizations to a construction by Hernandez-Leclerc |33j . 
which has been generalizeed by Leclerc-Plamondon [38] and further generalized by Keller- 
Scherotzke [36l EZ] . The desingularization constructed in [3Zj is the desingularization map 
for graded quiver varieties introduced by Nakajima [iQlllT], and this generalized [20| to much 
more general situations and in particular for all modules over the repetitive algebra of an 
arbitrary iterated tilted algebra of Dynkin type. 

1.6. Main result. In this paper, we consider the quiver Grassmannians of arbitrary Goren- 
stein projective modules over 1-Gorenstein gentle algebras A. Inspired by [20|, we use quiver 
Grassmannians over the Gohen-Macaulay Auslander algebra T of A to construct a desin¬ 
gularization of the quiver Grassmannians of arbitrary Gorenstein projective modules over 

A. 

The paper is organized as follows. In section 2, we collect some standard material on 
gentle algebras, Gorenstein algebras and quiver Grassmannians. In Section 3, we define the 
key functor 4> : mod A —^ modT, and prove that for any Gorenstein projective A-module M, 
the quiver Grassmannians of <I>(M) is smooth with irreducible and equidimensional connected 
components. In Section 4, we use the technique of [20] and the results of the previous sections 
to construct the desingularizations of quiver Grassmannians. Finally, in Section 5 we close 
with some examples of desingularizations. 
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2. Preliminaries 

Let K be an algebraically closed field. For a iL-algebra, we always mean a basic finite 
dimensional associative iL-algebra. For an additive category A, we denote by ind.A the 
isomorphism classes of indecomposable objects in A. 

Let Q be a quiver and (/) an admissible ideal in the path algebra KQ which is generated 
by a set of relations I. Denote by {Q, I) the associated bound quiver. For any arrow a in 
Q we denote by s(a) its starting vertex and by t{a) its ending vertex. An oriented path (or 
path for short) p in Q is a sequence p = a\a 2 ... of arrows a* such that t{ai) = s(aj_i) 
for all i = 2 ,..., r. 

2.1. Gentle algebras. We first recall the definition of special biserial algebras and of gentle 
algebras. 

Definition 2.1 ([12]). The pair {Q,I) called special biserial if it satisfies the following 
conditions. 

• Each vertex of Q is starting point of at most two arrows, and end point of at most 
two arrows. 

• For each arrow a in Q there is at most one arrow fi such that a/3 ^ I, and at most 
one arrow 7 such that 7 a ^ I. 

Definition 2.2 ([3]). The pair {Q,I) is called gentle if it is special biserial and moreover the 
following holds. 

• The set I is generated by zero-relations of length 2. 

• For each arrow a in Q there is at most one arrow /3 with t{fi) = s(a) such that 
a/d £ I, and at most one arrow 7 with 5 ( 7 ) = t{a) such that 70 G I. 

A finite dimensional algebra A is called special biserial (resp., gentle), if it has a presenta¬ 
tion as A = KQ/{I) where {Q,I) is special biserial (resp., gentle). 

2.2. Singularity categories and Gorenstein algebras. Let F be a finite dimensional K- 
algebra. Let modF be the category of finitely generated left F-modules. For an arbitrary 
F-module pA", we denote by proj. dimp X (resp. inj. dimp X) the projective dimension (resp. 
the injective dimension) of the module pX. A F-module G is Gorenstein projective, if there 
is an exact sequence 

:- y p-^ ^ pO ^ ... 

of projective F-modules, which stays exact under Homp(—,F), and such that G = Kerd*^. 
We denote by Gproj(F) the subcategory of Gorenstein projective F-modules. 

Definition 2.3 (O [ 6 ]). A finite dimensional algebra F is called a Gorenstein algebra if F 
satisfies inj. dimFp < 00 and inj. dimp F < 00 . 

Observe that for a Gorenstein algebra F, we have inj.dimpF = inj.dimFp, [321 Lemma 
6.9]; the common value is denoted by G. diniF. If G. dimF < d, we say that F is d-Gorenstein. 

Theorem 2.4 f[T 2 l [26]j. Let F be an artin algebra and let d > 0. Then the following 
statements are equivalent: 

(1) the algebra F is d-Gorenstein; 

(2) Gproj(F) = D'^(modF), where Ll is the syzygy functor. 

In this case, A module G is Gorenstein projective if and only if there is an exact sequence 
0 —> G —)• P° —> —> • • • with each P* projective. 
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For an algebra F, the singularity category of F is defined to be the quotient category 
:= z)'(r)/K'(proj.r) mmm- Note that Dgg(T) is zero if and only if gl. dimF < oo 

m- 


Theorem 2.5. [T21I32] Let T be a Gorenstein algebra. Then Gproj(r) is a Frobenius category 
with the projective modules as the projective-injective objects. The stable category Gproj(r) 
is triangle equivalent to the singularity category Dgg{r) o/F. 

An algebra is of finite Cohen-Macaulay type, or simply, CM-finite, if there are only hnitely 
many isomorphism classes of indecomposable hnitely generated Gorenstein projecitve mod¬ 
ules. Clearly, A is CM-hnite if and only if there is a hnitely generated module E such 
that Gproj A = add FI. In this way, E is called to be a Gorenstein projective generator. 
If gl. dimA < oo, then Gproj A = proj.A, so A is CM-hnite. If A is self-injective, then 
Gproj A = mod A, so A is CM-hnite if and only if A is representation hnite. 

Let A be a CM-hnite algebra, Ei,... ,En all the pairwise non-isomorphic indecomposable 
Gorenstein projective A-modules. Put E = Then E \s a, Gorenstein projective 

generator. We call Aus(Gproj A) := (EndyiFl)'’^ the Cohen-Macaulay Auslander algebra{also 
called relative Auslander algebra) of A. 

Lemma 2.6 ([39]). Let A be a CM-finite Artin algebra. Then we have the following: 

(i) gl. dim Aus(Gproj A) = 0 if and only if A is semisimple. 

(a) gl. dim Aus(Gproj A) = 1 if and only f/gl. dimA = 1. 

(Hi) gl. dim Aus(Gproj A) = 2 if and only if either 

(a) Gproj A = proj. A and gl. dim A = 2, or 

(b) Gproj A 7 ^ proj. A and A is a Gorenstein algebra with G. dim A < 2. 

(iv) //G.dimA > 3, then: 

gl. dim Aus(Gproj A) = G. dim A. 

(v) A is Gorenstein if and only if Cohen-Macaulay Auslander algebra Aus(Gproj A) has 
finite global dimension. 


Geifi and Reiten |31] have shown that gentle algebras are Gorenstein algebras. So their 
Cohen-Macaulay Auslander algebras have hnite global dimensions. 

The singularity category of a gentle algebra is characterized by Kalck in [31|, we recall it 
as follows. For a gentle algebra A = ILQ/{!), we denote by C(A) the set of equivalence classes 
(with respect to cyclic permutation) of repetition-free cyclic paths ai.. .On m Q such that 
aiOi+i G I for all i, where we set n -|- 1 = 1. Moreover, we set l{c) for the length of a cycle 
c G C(A), i.e. l{ai... an) = n. 

For every arrow a € Qi, there is at most one cycle c G C(A) containing it. We dehne R{a) 
to be the left ideal Aa generated by a. It follows from the dehnition of gentle algebras that 
this is a direct summand of the radical radP 5 („) of the indecomposable projective A-module 
Ps{a) = where Cg^a) is the idempotent corresponding to s(a). In fact, all radical 

summands of indecomposable projectives arise in this way. 


Theorem 2.7 ( |34j ]. Let A = KQ/{L) be a gentle algebra. Then 

(i) indGproj(A) = indproj. A1 J{R(q;i), ..., R(q;„)|c = oi • • • q;„ G C(A)}. 

(ii) There is an equivalence of triangulated categories 


o.va)= n 

cGC(A) 


D\K) 

IW 


where D^{K)/[l{c)] denotes the triangulated orbit category, see Keller [35] . 
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From Theorem 12.71 we get that 

ind Gproj(A) = indproj. A (^{i?(Q!i),..., i?(a„)|c = oi • • • G C(A)}. 

Furthermore, from its proof, let c G C(A) be a cycle, which we label as follows: 1 2 

• • • I Then there are short exact sequences 

( 1 ) 0 ^ R{ai) R{ai-i) ^ 0 , 

for all i = 1 ,..., n. 

A classification of indecomposable modules over gentle algebras can be deduced from work 
of Ringel [36] (see e.g. m I50jl. For each arrow (3, we denote by /3 ^ the formal inverse 
of f3 with = t{(3) and = s(/3). A word w = ciC 2 ---c„ of arrows and their 

formal inverse is called a string of length n > 1 if Cj+i 7 ^ s(cj) = t(cj+i) for all 1 < i < 
n — 1, and no subword nor its inverse is in I. We dehne (ciC 2 • • • Cn)~^ = c~^ ■ ■ ■ and 

s(ciC 2 • • • Cn) = s(cn), t(ciC 2 ■ ■ ■ Cn) = t(ci). We denote the length of w by l(w). In addition, 
we also want to have strings of length 0; be definition, for any vertex u G Qo, there will be 
two strings of length 0 , denoted by l(u,i) and with both s(l(„ j)) = u = for 

i = —1,1, and we define We also denote by 5(A) the set of all strings 

over A = KQ/{I). 

A band b = aia 2 ■ ■ ■ an-iotn is defined to be a string b with t{ai) = s{an) such that each 
power ft™' is a string, but b itself is not a proper power of any strings. We denote by 5(A) 
the set of all bands over A. 

On 5(A), we consider the equivalence relation p which identifies every string C with its 
inverse C~^. On 5(A), we consider the equivalence relation p' which identifies every string 
C = Cl .. .Cn with the cyclically permuted strings = CiCi+i ■ ■ ■ c„ci • • • Cj-i and their 
inverses C^j^i 1 < * < n. We choose a complete set 5(A) of representatives of 5(A) relative 
to / 9 , and a complete set 5(A) of representatives of 5(A) relative to p'. 

Butler and Ringel showed that each string w dehnes a unique string module M{w), each 
band b yields a family of band modules M{b,m,(f)) with m > 1 and (p G Aut(Ar™'). Equiv¬ 
alently, one can consider certain quiver morphism a : S ^ Q (for strings) and (3 : B ^ Q 
(for bands), where S and B are of Dynkin types A„ and An, respectively. Then string and 
band modules are given as pushforwards and (3^,{R) of indecomposable it'A-modules 

M and indecomposable regular ATR-modules R, respectively (see e.g. [50]). Let Aut fiL™') be 
a complete set of representatives of indecomposable automorphisms of iF-spaces with respect 
to similarity. 

Theorem 2.8 m ). The modules M{w), with w G 5(A), and the modules M{h,m,4>) with 
b G 5(A), with b G 5(A), m > 1 and p G Aut(iF™'), provide a eomplete list of indeeomposable 
(and pairwise non-isomorphie) A-modules. 

In practice, a string w is of form afa ^2 ''' “n" for a* G Qi and e, = ±1 for all 1 < i < n. 
So w can be viewed as a walk in Q: 


w 


ai 


02 


■ n ■ 


■n + l, 


where i G Qq are vertices of Q and Oj are arrows in either directions. In this way, the 
equivalence relation p induces that 


ai 


CX2 


OLn 


w : 1 


2 


^n — 1 


n 


n + l 
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is equivalent to 


w 


-1 


n + 1 


■ n ■ 


0-2 


2 


ai 


1 . 


It is similar to interpret p' if m is a band. We denote by u ~ re for two strings e, re if e is 
equivalent to re under p. 

For any string re = ci... c„, or re = !(«,*), let u{i) = t(cj+i), 0 < r < re, and rr(re) = s(re). 
Given a vertex v € Qo, let ly = {r|rt(r) = u} C {0,1,...,re}. Denote by ky = |/^|. We 
associate a vector (ky)y^QQ to the string re, this vector is denoted by dim re. and call it the 
dimension vector of re. From m, we get that dim re = dim Mfre). 


2.3. Quiver Grassmannians. Quiver Grassmannians are varieties parametrizing snbrepre- 
sentations of a quiver representation. They are introduced by Graw-Boevevl [2^ ). Schofield! |47j) 
to study the generic properties of quiver representations. 

For a finite quiver Q, let A = KQ/I be a finite dimensional algebra. We consider finite 
dimensional representations M oi A over K, viewed either as finite dimensional left modules 
over the path algebra A, or as tuples 

M = ((Mj)igQg, {Ma ■ Mi 

consisting of finite dimensional ii'-vector spaces Mi and linear maps M^. 

For a representation M of A, let d = dimM. We consider the affine space 

Rd{Q) = © Homx {Mi , Mj ); 

its points canonically paprametrize representations of Q of dimension vector of d. Let Rd{A) 
be the subvariety of Rd{Q) consisting of representations annihilated by I, where its points 
canonically parametrize representations of A of dimension vector d. The reductive algebraic 
group Gd = Oiggo ^^^s naturally on Rd{Q) via base change 

{9i)i ■ {Ma)a idjMoidi )(a:i— 

such that the orbit Om for this action naturally corresponds to the isomorphism classes [M] 
of representations of Q of dimension vector d. Note that 

dimGd - dim Rd{Q) = '^ df - ^ didj = {d,d)Q. 

i€Qo 

The stabilizer nnder Gd of a point M £ Rd{Q) is isomorphic to the automorphism group 
AutQ(M) of the corresponding representation, which is a connected algebraic group of di¬ 
mension dimEndQ(M). In particular, we get 

dimOM = dimGrf — dimEndQ(M). 

The constructions and results in the following follow m. see also da HI]. Additionally 
to the above, fix another dimension vector e such that e < d componentwise, and define the 
Qo-graded Grassmannian Gre(d) = Oiggo ^^ei{Mi), which is a projective homogeneous space 
for Gd of dimension J2i^Q^ ei{di — e*). We define Gr®(d), the universal Grassmannian of e- 
dimensional subrepresentations of d-dimensional representations of Q as the closed subvariety 
of Gre((i) X RdiQ) consisting of tuples {{Ui C Mi)i^QQ, {Ma)aeQi) such that Ma{Ui) C Uj 
for all arrows {a : i ^ j) G Qi- The group Gd acts on Gr^((i) diagonally, such that the 
projection pi : Gr^(d) —)• Gre{d) and p 2 ■ Gr®((i) —>■ Rd{Q) are G^-equivariant. In fact, the 
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projection pi identifies Gr^(d) as the total space of a homogeneous bundle over Gre((i) of 
rank 

{didj + eiBj - eidj), 

{a:i^j)GQi 

and Gr^(d) is smooth and irreducible of dimension 

dimGr^((i) = {e,d — e)Q + dim Rd{Q). 

The projection p 2 is proper, thus its image is a closed G^-stable subvariety of Rd, consisting 
of representations admitting a subrepresentation of dimension vector e. 

We define the quiver Grassmannian Gr®(M) = as the fibre of p 2 over a point M G 

Rd{Q)] by definition, it parametrizes e-dimensional subrepresentations of the representation 
M. 

Similarly, we define the universal quiver Grassmannian Gr^((i) as the closed subset of 
Gre(d) X Rd{A) consisting of pairs ((17* C Mi)i(zQ^,{fa)a&Qi) such that faiUi) C Uj for 
all arrows a : i ^ j. Using the projection p 2 ■ Gi'^{d) Rd{A), we define the scheme- 
theoretic quiver Grassmannian Qr^{M) = p^^(M), thus by definition, Gr^(M) is isomor¬ 
phic to Qr^{M) endowed with the reduced structure. However, for any H-module M, A- 
submodules of M are the same as its TTQ-submodules, so we also denote Gr^(M) by Gr^(M) 
or even Gre(M) if there is no confusion. 

Theorem 2.9 ( [20]i. Let Q he a quiver, let M he a representation of KQ and let e be a 
dimension vector for Q. Assume that M is a representation for a quotient algebra A = 
KQ/I, such that the following holds: A has global dimension at most 2, both the injective 
and the projective dimension of M over A are at most one, and Ryit\{M,M) = 0. Then the 
quiver Grassmannian Gre(M) is smooth (and reduced), with irreducible and equidimensional 
connected components. 


3. The functor <1> 

First, we give a characterization of 1-Gorenstein gentle algebra. 

Proposition 3.1. Let A = KQ/I be a finite dimensional gentle algebra. Then A is 1- 
Gorenstein if and only if for any arrows a, (3 in Q satisfying 0 ^ jSa G I, there exists 
c G C(A) such that a,/! ^ c. 

Proof. First, we assume that A is 1-Gorenstein. If there are some arrows a, (3 such that 
0 7 ^ I3a G I, however, there is no c G C(A) such that a, (3 ^ c. Without losing generality, 
by the definition of C(A), we can assume that there exists one arrow a* satisfying that 
there is an arrow aj_i such that 0 ^ a*Q;*-i G I, but there is no arrow Oj+i such that 
0 7 ^ aj+iOj G I. Locally, the quiver Q looks as the following Figure 1 shows, where the 
vertices can be coincided. 

Note that there exists at most one arrow 71 starts from i. We assume that j 2 ,j 3 are the 
ending vertices of the longest paths fig ... Pi and 71 ... 74 starting from i — 1 and i respectively, 
with Pi 7 ^ ap, ii,^ 4 , J 5 are the starting vertices of the longest paths ? 7 i... r]p,fi... (,q,6i ... 5q 
ending to z — 1 , i, j^ respectively, with pi 7 ^ q;*_i, 7 ^ ce* and di 7 ^ 7 ^. 

Denote by Pi-i and Pi the indecomposable projective modules corresponding to z — 1 and 
z respectively, and Jjg the indecomposable injective module corresponding to js. Pi-i is a 
string module with string 

7t 71 . Oi . 1 hi hs 

J3 ----* ^-* - 1 ---- J2, 
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Pi is a string module with string 


71 7t 

I ---- J3. 


/j 3 is a string module with string 

Vp m . . oii . 71 7t . 

ji ---- t - 1-^ t ---- j3 — 


Then there exists a short exact sequence 

0 —)■ Pi —y Ij^ —y ik/^3 0 ^ 0; 

where Mi, M 2 are the string modules with their strings 


Vp 

Ji - 


»?i . 

—^ i 


1 , 




js- 


and 


<^2 




J5 


respectively. Note that 0 7 ^ Mi is not injective, so inj-dimP^ > 1 , and then A is not 1- 
Gorenstein, a contradiction. 


31 

r)p 


Oii-l 

i - 2 - i - 1 


01 


■ 32 


71 


7t 


62 


Figure 1. The quiver of Q. 


31 

Vp 


m 


01 . 0s 


Pi .. ^ 


Pv 


71 
CXi + l 


7t " 5i S 2 


2+1 


Figure 2. The quiver of Q. 
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Conversely, for any indecomposable projective module P, if the corresponding vertex i — 1 
lies at a cycle c = ctn ... ai € C(A), we assume the quiver Q looks as the above Figure 2 
shows. 

Note that the vertices ji,..., je are defined as the above. Then there exists a short exact 
sequence 

0 —^ Pi—i —y Ij2 © C/a —^ li—i © © N 2 0, 

where iVi, N 2 are the string modules corresponding to strings 

P2 Pv 

a ■< • • • jQ, 

and 


respectively. 

We claim that A^i and N 2 are injective modules. If Ni is nonzero and not injective, then 
there is another arrow /ii ending to a. Then pi^i G I, which implies that p belongs to a 
cycle d G C(A) by the assumption. So there exists an arrow p 2 starting from j 2 such that 
P 2 P 1 G /, we get that p 2 Ps ^ I, so Ps ■■■ f3i is not the longest string starting from i — 1, a 
contradiction. Similarly, we can prove that N 2 is injective. Therefore, inj.dimPj_i < 1. 

If the indecomposable projective module P satisfies that its corresponding vertex i — 1 does 
not lie at any cycle c G C(A), we assume that the quiver Q looks as the following diagram 
shows. Note that there are at most one arrow a* starting from i — 1, and at most one arrow 
ai-i ending to i — 1 . 


Oil Oil —2 Oii — 1 Cti CK-n 01 02 0s 

jo -►“ • • • - i — 2- i — 1-►“ i -►“ • • • -►“ - * * * - ji 

Figure 3. The quiver of Q. 

Denote by jo the starting vertex of the longest path aj_i... ai, and n the ending vertex of 
the longest path an ■■ - Oi. Also ji is the starting vertex of the longest path f3i ... f3s ending 
to n. So Pi-i is the string module with string 

T Oi . “i+l an 

t — 1 -^ t -^ • • •-^ n. 

In is the string module with string as Figure 3 shows. So there is a short exact sequence 

0 —> Pi—I —y In —^ Li © 1^2 —^ 0, 
where Li is the string module with string 


and L 2 is the string module with string 

/3s P 2 

Ji--- ^a. 

We claim that Li and L 2 are injective modules. If L 2 is nonzero and not injective, then 
there exists one arrow 71 ending to a, which implies that / 3 i 7 i G I since / 3 i /32 ^ I- By the 
assumption, we know that there exists one arrow 72 starting from n such that 72/^1 G I, then 
l 2 Cin ^ I, contradicts to ... a* is the longest path starting from i — 1. So L 2 is injective. 
Similarly, we can prove that Li is injective. So we get that inj.dimPj_i < 1 . 

To sum up, for any indecomposable projective module P, we get that inj. dimP < 1, which 
yields that inj. dim A < 1. Since A is Gorenstein, we get that A is 1-Gorenstein. □ 
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From now on, we only consider gentle algebras A which is 1-Gorenstein. 

For any gentle algebra A, from [23], we know that A is CM-finite, and the Cohen-Macaulay 
Auslander algebra Aus(GprojA) = is the algebra with the bound quiver 

(qAus, jAtis) (defined as follows: 

• the set of vertices := QoU where = {a\a G C(A)}; 

• the set of arrows := where = Qi\ i-e. arrows do not 

appear in any cyclic paths in C(A), = {a"*" : s(a) —> a\a G and = 

{a~ : a —>• t{a)\a G 

The ideal := {P+a-\Pa e I, a, U{/3a|/3a € I, a, 

Before going on, let us fix some notations. Let A be a gentle algebra and F be its Cohen- 
Macaulay Auslander algebra. 

For any M = '■ Mi —>• Mj)i^^.i^j^^Q^) G mod A, Define a F-module M = 

((^i,^a)*eQo,«egfG(^/3)/3eQf“'>) as follows: 

• For any i G Qo ^ we set Ni = Mf, For any a G Q'l^ C we set = ImMo,. 

• For any arrow in if it is of form (/? : i —>■ j) G then we set = Mg; if it is 

of form /3"'' : i —>■ /3, or of form I3~ : (3 ^ j for some {/3 : i ^ j) G Qi^^, we set Np+ and Njj- 
to be the natural morphisms {Ni = Mi) —>■ (ImM^ = and (A^ = ImM^) —)■ {Mj = Nj) 
respectively induced by Mg : Mj —>■ Mj. 

It is easy to see that M is actually a F-module. Since Im is a functor, we can define a 
functor <I> : mod A —)■ modF such that <I>(M) := M, with the natural definition on morphisms. 

Since (Q, I) is a subquiver of i.e. A is a subalgebra of F, we get a restriction 

functor res : modF —>■ mod A. Explicitly, for any A = ((Aj, A„)jgQjj (A^)^gQAus) G 

modF, res(A) is defined as follows: 

• For any i G Qo, (res(A))i = A*; 

• For any arrow {a : i ^ j) € Qi, if a G we set (res A)q, = Aq,; if a G Q^i^, we set 

(res(A))o = Na-Na+. 

Lemma 3.2. We have res(d>(M)) ~ M naturally. 

Proof. This follows from the definition of the functors <1> and res immediately. □ 

Similar to [2Ul Lemma 5.3], we also have the following weak adjunction properties: 
Lemma 3.3. (i) For all M ^ mod A and A G modF, the natural maps 

Homr(M, A) HomA(res M, res A) ~ HomA(A/, res A) 

and 

Homr(A, M) HomA(res A, res M) ~ HomA(res A, M) 

are injeetive. 

(a) The funetor <1> is fully faithful. In particular, $ preserves injeetive and surjeetive 
morphisms. 

Proof, (i) For any morphism f : M ^ N, then it is of form (/jjjgQo [Jifa)a£Q'^^’^- If res(/) = 
0, then res(/) = {fi)ieQo = 0- Let M = ((Mijigg^,, (M„)(„,j^j)gQJ and A = ((Aiji^Qg U 
{^a)a&Qx-,{Np) p^qAus). For any (a : i —>■ j) G since f is a morphism, we get the 

following commutative diagram 


Mj-^ Im Ma 


■M. 


Ni' 


N 


■Nr, 


N _ 


J 
fj 
Ni. 
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Since /* = fj = 0 and the first map in the upper row is surjective, we get that fa = 0. 
So Homr(M,A^) HomA(res M, res A^) is injective. The second statement can be proved 
dually. 

(ii) For all M, N in mod A, we have a chain of maps 

HomA(A/, A^) A Homr(M,7V) ^ HomA (res M, res iV) ~ HomA(A/, A^), 

whose composition is the identity, thus the first map is injective. The second map is injective 
due to (i). So $ is fully faithful. □ 


Since A and T are gentle algebras, their indecomposable modules are either string modules 
or band modules. We describe the action of ‘h and res on string modules as follows. 

• For a string w = € 5(A), denote the string module by M(w). For i = 

1,..., n, if aj € we replace a* by a~af, and get a word in F, denote it by i{w). Then 
it is easy to see that i{w) G 5(F), we denote its string module by N{i{w)). Note that 

dim Af(i(u;)) = dimM(u;) + ^ dim Sg ,. 

where 5 q,. is the simple module corresponding to a* G Ql^'^ C In this way, we get a 

map i : 5(A) —>■ 5(F), which is injective. It is easy to see that = N{i{w)). 

• For a string v = /3il32 ■ ■ ■ Pn S 5(r), denote the string module by N{v). Denote by v' 

the longest substring of v such that s{v'),t{v') G Qo ^ Qo^^- Note that l{v) — l{v') < 2 
and l{v") — l{v) < 2. If a~ (or its inverse) appears as a subword of v' for any arrow 
a G ^ we replace a~ (or its inverse) by a (or a~^), after doing this repeatedly, finally 
we can get a word in A, denote it by Then it is easy to see that 7r“(u) G 5(A), we 

denote its string module by M{'k~{v)). Note that if dimA^(u) = {ki)i^Qg + {ka)a£Qf‘'^ then 
dimM(7r“(u)) = (A;j)jgQ(,. In this way, we get a surjective map 7r“ : 5(r) — )• 5(A), in fact, 
7T~L = Id. Easily, ies{N{v)) = 

Lemma 3.4. Let A be a gentle algebra, and F be its Cohen-Macaulay Auslander algebra. Then 
for any projective A-module P, and any injective A-module I, we have $(E) is a projective 
V-module, and <h(/) is an injective T-module. In other words, preserves projectives and 
injectives. 

Proof. From [34] . we get that the indecomposable projective A-modules P are of the following 
form: 



Figure 3. The strings of projective modules. 

They correspond to the strings ai.. .ai and (5^ ■ ■ ■ ■ ■ ■ 7 nrespectively. In particu¬ 

lar, ai... ai, Pm ■■■ Pi and 7„ ... 71 are maximal, e.g. there does not exist a € Qi such that 
aai ^ I. 
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In the first case, i{ai ... ai) G <5(A) is also maximal. In fact, if there exists an arrow in 
qAus, jg either of form ^ G Qi C or of form for some ^ ^ Qi, such that 

ii{ai... ai) or i{ai... ai) is also a string, then ^ai ^ / in both cases, so ... ai is a 
string in S{A), a contradiction. 

Note that we can view s(ai) to be a vertex in Qq^^. From the structure of there is no 

other arrow than ai (if ai G ) or af (if ai G starting from s(ai). So L{ai... ai) 

is the string of the indecomposable projective F-module corresponding to the vertex s(ai) 
for r is gentle. 

The second case is similar to the first one, we omit the proof here. 

For <I> preserves injectives, it is dual to the above, we omit the proof here. □ 

Lemma 3.5. Let K he a 1-Gorenstein gentle algebra, andV he its Cohen-Macaulay Auslander 
algebra. Then for any M G Gproj A, proj. dim <I>(M) < 1 and inj. dim <I>(M) < I. 

Proof. We only prove it for the case when M is an indecomposable Gorenstein projective 
module. 

Case (1). If M is projective, then Lemma 13.41 yields that <h(M) is also projective. We 
denote by i — 1 the vertex corresponding to the indecomposable projective module M. 

Case (la). If the corresponding vertex i — 1 lies at a cycle c = ... ai G C(A), we 

assume the quiver Q looks as Figure 2 shows. Then there is short exact sequence: 

0 —> Pi-l ^ Ij 2 © Ij^ A- li-i © Ja © A 0, 

Lemma 13.31 implies ‘h(/) is also injective. We denote by Ui (resp. U 2 ) the indecomposable 
F-module corresponding to the string l{p 2 ... Pv) (resp. 1(62 ■ ■ ■ 5u))if Pi G (resp. di G 

and to the string pf i{p 2 ■ ■ ■ Pv) (resp. dj*" i {62 ■ ■ ■ 5u)) if pi G (resp. d G 
We claim that Ui and U 2 are injective. We only prove it for Ui. If pi G then it 

follows from Lemma that Ui is injective. Otherwise, if pi G then pf i{p 2 ■ ■ ■ Pv) is 

a string with ending vertex pi G and i{p 2 ... Pv) is the string of an indecomposable 

injective module, which implies i{p 2 ■ ■ ■ Pv) is maximal. Note that there is only one arrow p'^ 
with ending vertex pi. So Pii{p 2 ■ ■ ■ Pv) is the string of the indecomposable injective module 
corresponding to vertex pi G . 

By the above construction, it is easy to see that the following sequence is an injective 
resolution of <I>(M) = <I>(Pj_i): 

0 ^ ^>(P,_i) ^ d>(/,J © $(/j3) ^ d>(A-i) © © C/2 ^ 0, 

since <I> preserves injectives. So inj.dim$(Pj_i) < I. 

Case (lb). If the corresponding vertex i — 1 does not lie at any cycle in C(A), we assume 
that the quiver Q looks as Figure 3 shows. The remaining is similar to Case (la), we omit 
the proof here. 

Case (2). If M = R{ai-i) for some ai-i lying on some cycle c = ... ai G C(A), we 

assume that the quiver Q looks as Figure 2 shows. Then R{ai-i) is the string module with 
its string fig ■■■ h- There is a short exact sequence 

0 R{cxi) A- Pi-i R{ai-i) 0. 

So ^>(i?(a:i_i)) is the F-module corresponding to the string i,(/3s .. ./3i). Denote by C/„. the 
F-module corresponding to the string /.(jt... ^i)af G C(F). Since there is only one arrow 
a~ starting from Oj G , and 7 ^... 71 is maximal, we get that C/q,. is the indecomposable 
projective F-module corresponding to the vertex a^. From this construction, it is easy to see 
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that the following sequence is a projective resolution of 

0 ^ 17a, ^ ^ ^ 0, 

since <h preserves projectives and epimorphisms. So proj. dim < 1. 

We denote by Jai-i the indecomposable injective F-module corresponding to the vertex 
ai-i G also 17i the indecomposable F-module corresponding to the string t(/?2 • • • Pv) if 

Pi G and to the string pj''i(p2 ■ ■ ■ Pv) if Pi G Q^‘^. By the above, Ui is also injective. 

Then the following sequence is an injective resolution of <h(i?(aj_i)): 

0 —> <h(ii(aj_i)) —>■ Jai-i (B Ui ^ 0. 

So inj. dim<h(i?(ai_i)) < 1. 

In conclusion, for any M G Gproj A, we have that proj. dim$(M) < 1 and inj. dim<I>(M) < 

1 . □ 

Lemma 3.6. Let A be a 1-Gorenstein gentle algebra, andV be its Cohen-Macaulay Auslander 
algebra. Then for any M G Gproj A, Extp(<h(M), <I>(M)) = 0. 

Proof. We only need prove that for any two indecomposable Gorenstein projective A-modules 
Mi,M 2, Extj.($(Mi),$(M2)) = 0. 

If Ml is projective, then <I>(Mi) is also projective, so Extf (‘h(Mi), $(M2)) = 0 for any 
A'h G Gproj A. Eor this, we assume that Mi = R{ai-i) for some ctj-i G We also 

assume the quiver Q looks as Eigure 2 shows. Then there is a short exact sequence: 

(2) 0 ^ 4 $(Pi_i) HR{a^.l)) -G 0, 

where is the T-module corresponding to the string /.(yt... yijaj" G <S(r), which is the 
indecomposable projective module corresponding to the vertex a* G <I>(Pj_i) is the 

indecomposable projective T-module corresponding to the vertex i — 1 G Note that / 

is induced by {af : i — 1 ^ ai) G 

If M2 is projective, which is of form Pk corresponding to the vertex k, Then <h(M2) = ‘h(Pfc) 
is also projective. Eor any nonzero morphism h : —>■ <I>(Pfc), we can assume that h is 

induced by a nonzero path I from /c to in B. Since k G Qq T and k ^ ai, the length 

of I is not zero. There is only one arrow af ending to a* G so I = af V for some nonzero 

path I', which implies that h factors through /. So we get that 

Homr($(Pi-i),<I>(Pfc)) Homr(17a,,$(P a:)) 

is surjective. By applying Homr(—, <h(Pfc)) to Sequence (l2|), we get that 

Ext4$(P(a,_i)),^>(Pfc)) = 0. 

If M2 = R{/3j-i), where /3j_i lies on a cycle f3m ■ ■ ■ Pi G C(A), we denote hy ak ... cti be 
the string of i?(/3j_i): 

j - I -^ •---- •. 

Eor any nonzero morphism p : C/q, —>■ <I>(i?(/3j_i)), since [/«, is the indecomposable projec¬ 
tive module corresponding to the vertex Oj, we assume that p is induced by a nonzero path 
I from j — 1 to a*. Since there is only one arrow af ending to a* and j — 1 G Qo T we 

get that I = I'af. Note that / is induced by af. We get that p factors through f as p = p'f 
for some morphism p' : <I>(Pj_i) —>■ <I>(P(/3j_i)). Therefore, 


Homr(^>(P.-i),$(P(/3,-i))) 


>Homr(17„,,$(P(/3,-i))) 










14 


CHEN AND LU 


is surjective. By applying Homr(—, ^{Pk)) to Sequence (l2|), we get that 

In conclusion, we get that Extf ($(Mi), $(M2)) = 0 for any two indecomposable Gorenstein 
projective A-modules Mi, M2. So for any M G Gproj A, Extf (<h(M), <h(M)) =0. □ 

Theorem 3.7. Let A = KQ/{I) be a gentle algebra which is 1-Gorenstein, and E = 
its Cohen-Macaulay Auslander algebra. Let M be a Gorenstein projective 
A-module and let e be a dimension vector for Then 

(i) T has global dimension at most two, both the injective and the projective dimension of 
^(M) over T are at most one, and Extf ($(M), $(M)) = 0; 

(a) The quiver Grassmannian Gre(<I>(M)) is smooth (and reduced), with irreducible and 
equidimensional connected components. 

Proof. It follows from Lemma 13.51 Lemma 13.61 and Lemma 12.91 immediately. □ 

4. Construction of the desingularizations 

This section is based on [201 Section 7]. In this section, we always assume that A = KQ({L) 
to be a I-Gorenstein gentle algebra, and L be its Cohen-Macaulay Auslander algebra. For a 
given Gorenstein projective A-module M, a dimension vector e and an isomorphism classes 
[A^] of A-modules, it is proved in [THl Section 2.3] that the subset <S[iv] of Gre(M), consisting 
of the submodules which are isomorphic to N, is locally closed and irreducible of dimension 
dimHomA(A^, M) — dimEndA(A^). 

Lemma 4.1 (see e.g. [21]). If A is 1-Gorenstein, then the Gorenstein projective modules are 
just torsionless modules. In particular, for any submodule N of any Gorenstein projective 
A-module M, N is also Gorenstein projective. 

Lemma 4.2. For any Gorenstein projective A = KQ/{!)-module N = ((A^jjjgQp, {Na)aeQi), 
the underlying space of N is 

Ni © Na. 

ieQo 

Then 

(i) dim = dim A^j = dimHomA(E’j, N), where Pi is the indecomposable projective module 
corresponding to i. 

(a) dimA^Q = dimHomA(E’s(cj), A^) — dimHomA(7?(/3), A"), where Ps(a) is the indecompos¬ 
able projective module corresponding to s(a), and [3 is the arrow satisfying a/3 G I . 

Proof. Without losing generality, we assume that N is indecomposable. 

(i) is obvious from the definition of 4>. For (ii), by Sequence ([U, there is an exact sequence 

0 —y R(^Ol) —^ Ps(a) —^ ^ b. 

Note that A is a string module. Let w be the string of A. By the definition of $ and l, it is 
easy to see that dim Aq, is equal to the times of w passing through a. Let v be the string of 
R{/3). Then the quiver of Q locally looks like as the following. 

Ri/3) 


P . r—T 
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Note that v is maximal and HomA(i^s(o), A^) is equal to the times of w passing through s(a). 
We get that dimHomA(i?(/3), N") is equal to the times of w passing through 7 if the length 
of V is not zero, or s(a) is an ending point of v if the length of v is zero. So the times of w 
passing through a is equal to dim Hoiua( i^<j(a) j N") — dim HomA(i?(/3), N), which is also equal 
to dim Na for any a G □ 

Proposition 4.3. Suppose that has non-empty intersection with 5[Ar]- Then dim U < 
dimA^ componentwise as dimension vectors of representations ofT. 

Proof. Following |18[ Section 2.3], we write 

Hom'^(e, M) := {(A^,/)|A^ G mod A. dim N = e and f : N ^ M is injective}. 

Then Gre(M) is isomorphic to the quotient Hom*^(e, M)/Ge. We have a canonical map 

p : Hom^(e, M) —)• i?e(A) 

which maps (Ai,/) to N. We also denote by vr : Hom^(e,M) —>• Gre(M) the locally trivial 
Gg-principle bundle. Then the stratum 5[Ar] is then defined by 7r(p“^(0[Af]))- 

Similar to [201 Proposition 7.2], we know that if 5[{/] has non-empty intersection with 5[7v]) 
then Opj C G[Ar]. So dimHomA(P, G) = dimHomA(T’, A^) for all projective representations 
P, and dimHomA(-T, G) > dimHomA(A", A^) for all non-projectives X (see [TOj)- Note that 
dimGj = dimAij for any i G Qq. Now consider the dimension vector of G, resp. of N. Then 
Lemma 14.21 (i) implies that dim Gj = dim G* = dim W = dim W for any i G Qo ^ 
any a G C there exists an arrow /3 such that a/3 G I. Lemma 02] (h) yields that 

dimGa = dimHomA(Gs(Q,), G) — dimHomA(7?(/3), G) 

< dimHomA(Gs(Q), A^) — dimHomA(G(/3), A^), 

since G(/3) is not projective. This proves dim G < dim Ai componentwise. □ 

Definition 4.4 ([2D]). We call [A^] a generic subrepresentation type of M of dimension 
vector e if the stratum 5[Ar] of Gre(M) is open. Denote by gsubg(M) the set of all generic 
subrepresentation types. 

In case [N] G gsubg(M), the closure 5[Ar] is an irreducible component of Grg(M), and every 
irreducible component arises in this way. 

For any two Gorenstein projective A-modules M and N, we consider quiver Grassmannians 
for F of form Grjj^^(M). For [A^] G gsubg(M), we consider the map 

'^[N] ■ Gr^^(A7) —Grg(M) 

given by {F C M) i-A (res(T) C M). 

Proposition 4.5. For M,e and [A^] as above and a point (G C M) in Grg(M), we have an 
isomorphism 

7r,7(C/ C M) - 

Proof. More precisely, we prove that 

TTjjy^G CM)^{F C MldimF = dimiV,G C F}. 

By definition of the map vtjat], this immediately reduces to the following statement: 
Suppose we are given a subrepresentation G C M of dimension vector e and a subobject 
F C M such that dim T = dim A^. Then we have 7 r~{F) = G if and only if G C F. 
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So suppose dimF = dim and U C F. Then U = tt (U) C tt (F) and 

dimJ7j = dimUi = dimFj = dim(7r“(F))j, 


for any i £ Qq, and thus U = 7 r~{F). 

Conversely, suppose that tt~{F) = U and F C M. Since M is a Gorenstein projective 
module, 7 r~M = M, and tt~ is exact, we get that tt~{F) C M, and then 7 r~{F) is also a 
Gorenstein projective A-module. We denote by -F = ©Fj, where Fi are the indecomposable 
summands of F". F C M implies that Fi can be the simple T-module Sa for any a G 
We denote by Wi be the string of Fi. Then Wi must be one of the following forms 


( 1 ) i{ai...ai)-, 

(3) L{ai... ai)a~] 

(5) {P~)~^L{ai. ..ai)a 
(7) ... /3i7f ^ 


-1 


-1 




(2) i{(5yn ■ ■ ■ Pill ^ 

(4) 

(6) {a~)~^ L{Pra ■ ■ ■ PllH^ 

( 8 ) {a~)~^i{p,n ■ ■ ■ PilH^ 


); 




■ In 


• • • 7n ^ 


)P- 


since 7r“(Fj) is Gorenstein projective. From the above, we get that there exists a natural 
injective morphism h : <h(7r“(F)) —>■ F. In fact, 7r“ is exact, we get that 7r“(ker/i) = 0, since 
7 i~{h) = Id. Then ker/i = <S'q“. However, Sa can not be a submodule of <I>(7r“(F)), 

so ker/i = 0, and then h is injective. So U = <h(7r“(F)) is a submodule of F. □ 


We can now easily derive the main general geometric properties of the map vtjty]: 

Theorem 4.6. For all M and e as above and a generic subrepresentation type [A^] G 
gsubg(M), the following holds: 

(i) The varieties Gr^.^j^(M) is smooth with irreducible equidimensional connected compo¬ 
nents; 

(a) the map 7r[jv] is projective; 

(Hi) the image o/vrjjv] is closed in Gre(M) and contains 
(iv) the map ttjjv] is one-to-one over 

Proof, (i) follows from Theorem 13.71 directly. The map ttjjv] is projective since Gr^jj^j^(M) is 
projective, so (ii) is valid. 

For (iii), given a generic embedding N C M, we also have N C M since $ preserves 
injective morphisms. The image of ttjtv] is closed since it is proper. Then Proposition 14.51 
implies that the fibre over N C M is non-empty. So the image of ttjtv] contains and 

then <S[jv] • In particular, the fibre over a point of reduces to a single point is the special 
case F = A^ of Proposition 14.51 □ 

Corollary 4.7. For arbitrary M and e as above, the closure is an irreducible component 
o/Gr^j^ and the map 

TT = y TTf^r] : y 5^ ^ Gre(M) 

[A'']Ggsubg(M) [A'']Ggsubg(M) 

given by the restrictions of the vrjjy] to is a desingularization o/Gre(M). 

Proof. The stratum of is irreducible and locally closed, of dimension 

dimHomr(A^, M) — dimEndr(A') = dimHomr(A^, M/A") = dim Gr^j^^(M) 
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as in the proof of |2r)[ Proposition 7.1] since Ext^(A^, A^) = 0, so its closure is a connected 
(irreducible) component of Gr^j^^(A^) and thus a smooth variety. The image of this compo¬ 
nent under vrjjv] is thus an irreducible closed subvariety of Gre(M) containing its irreducible 
component and thus it equals Together with the other properties of the previous 
theorem, this implies that vr is a desingularization. □ 

Remark 4.8. Following |2n[ Remark 7.8], we conjecture that is actually irre¬ 

ducible. This would imply that the constructions of desingularizations of the previous corol¬ 
laries could he unified to the map 

vr = □ vr[jv] : □ Gr^^(M) ^ Gre(M) 

[A']egsubg(M) [JV]egsubg(M) 

being a desingularization. 

Corollary 4.9. Let A be a self-injective gentle algebra. Then the desingularization map vr 
defined in Corollary \4. 7| is defined for any finite generated A-module M and dimension vector 

e. 

Proof. Since A is self-injective, we get that mod A = Gproj A. The statement follows from 
Gorollary 14.71 immediately. □ 

In Section 5, we can see that even for self-injective gentle algebras, their quiver Grassman- 
nians can be singular varieties. 


5. Examples 

5.1. Self-injective gentle Nakayama algebras. Let Q be the following left quiver and 
A = ArQ/(/3a, 7/3, ay). Then its Gohen-Macaulay Auslander algebra T = , 

where is as the following right quiver shows, and the ideal _ |^+q.-^ 7'’'/3“, a^y”}. 


2 



7 

Eigure 4. The quiver of A and its Gohen-Macaulay Auslander algebra. 

Let M = P3©P3©S'i©S'3. Let e = dim53+2dim5i. We consider the quiver Grassmannian 
X = Gre(M). For simplicity, we restrict our attention to the full subquiver of Q formed by 
vertices 1,3. Choosing appropriate basis, the representation M can be written as 





K^. 


In this way, the dimension vector e equals (2,1), thus, identifying Gi 2 {K^) with P^, the quiver 
Grassmannian X can be realized as 

{((ao : ai : 02), {bo : bi : 62)) S P^ x P^|ao6o + = 0}, 

which is a singular projective variety of dimension three. 
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We also restrict our attention to the full subquiver of formed by vertices 1,8,7. The 
F-module M = d>(M) admits the following explicit form: 





The only generic subrepresentation type being N = P3 0 5i, we thus have to consider 
subrepresentations of dimension vector dim = 2 dim Si + dim S3 + dimS.y of M. Let 
Y = Gr^.^j;^(M). Then the quiver Grassmannian Y can be realized as 

{((no : ai ■ 0-2), (cq : ci), (60 : h : 62) € x x P^| 

floco + aici = 0,61 Co = boci}, 

with the desingularization map being the projection to the first and third components. 


5.2. Cluster-tilted algebra of type A„. Let Q be the quiver as the following left diagram 
shows. Let I = {0302, «2ai, «ia3, CK5C14, «6«5) «4«6}- Then A = KQ/{I) is a cluster-tilted 
algebra of type A5. Let T = Aus(Gproj A) be the Cohen-Macaulay Auslander algebra. Then 
its quiver is as the following right diagram shows. 



Figure 5. Gluster-tilted algebra of type A5 and its Cohen-Macaulay Auslander algebra. 


Let M = P3 0 R{a 2 ) 0 R{ae). Then M is a Gorenstein projective module. Let e = 
dim iA 0 dim Si + dim Sd. We consider the quiver Grassmannian X = Gre(M). For simplicity, 
we restrict our attention to the full subquiver of Q formed by vertices 1,3,4. Choosing 
appropriate basis, the representation M can be written as 





K^. 


In this way, the dimension vector e equals (2,1,2), thus, identifying Gr2(Ar^) with P^, the 
quiver Grassmannian X can be realized as 

{((ao : oi : 02), (60 : : ^2), (co : 0 : C2)) G P^ x P^ X P^|ai6i 0 02^2 = 0, boco + 62C2 = 0}, 

which is a singular projective variety of dimension four. 

We also restrict our attention to the full subquiver of formed by vertices 1,3,4, 6,9. 
The F-module M = $(M) admits the following explicit form: 


K'^ 






( ° 

1 

0 ' 

\ / 

^ 1 

0 

1 ° 

0 

1 

r^3 

0 

0 









K^. 
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The only generic subrepresentation type being = P3 © © ^4, we thus have to consider 

subrepresentations of dimension vector dim N = 2 dim (Si+2 dim 54 © dim S^, © dim Sq ©dim Sg 
of M. Let Y = Gr^.^^(M). Then the quiver Grassmannian Y can be realized as 

{((ao : ai ; 02 ), (do : di), (60 : hi : 62 ), (eo : ei), (cq : ci : C 2 )) G x x x x P^| 

doh 2 = di6i, 6oei = ^260, aido © d2di = 0, coCq © 0264 = 0}, 

with the desingularization map being the projection to the first, third and fifth components. 
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